: In Superconducting Radio Frequency (SRF) cryomodules, precise alignment of cavities is necessary to ensure high beam quality and to increase the overall energetic efficiency. In the SSR1 (Single Spoke Resonator 1) cryomodule, the cavities are aligned using a system of seven screws which allows to control five Degree of Freedoms (DOFs). The relation between the rotation of each screw and the movement of the cavity is non-linear, thus the aligning process, currently based on a trial-and-error procedure, can be time consuming and affected by human error. In this paper the design of an alignment mathematical model, based on the serial robot kinematic, is described and tested on a SSR1 cavity. The goal of the proposed model is to give a step by step operational procedure that bring the SSR1 cavity to a desired location reducing the uncertainties related to the current operator-driven alignment process.
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Introduction
Proton Improvement Plan-II (PIP-II) is a high intensity proton facility being developed at Fermilab. The essence of the project is a 800 MeV superconducting linac of which the SSR1 cryomodule is a part. The cryomodule core is the cavity string, composed of eight SRF spoke cavities operating at cryogenic temperatures (2 K).
The SSR1 cavities, when installed inside the cryomodule, are bolted to individual metal plates, supported by individual support posts made of glass and epoxy composite tubes sandwiched between an outer metal ring and inner metal disk, which constitutes thermal intercepts between 2 K and 300 K. The support posts are bolted to a room temperature (300K) Aluminum frame, thus it is imperative to provide flexible connections between components, through bellows, to compensate for the thermal shrinkage of the cavities from room to cryogenic temperature.
During the assembly phase of the cavity string, the cavity are supported by all-metal support post that can slide on a rail along the beam axis
The bellows used for this applications are designed to work under axial and lateral displacements. Torsional movements can result in an irreversible damage of this components. Thus, a coarse alignment of the SSR1 cavities must be performed prior to the interconnection with bellows and a fine alignment is done after the cavity string competition. The geometrical centers of the beam pipes of all the SSR1 cavities is to be aligned within a cylinder of 1 millimeter radius and up to 10 ,mrad of angular misalignment can be accepted around the beam line [1] .
A system of seven alignment screws ( figure 1 ) and a set of reference surfaces (figure 2) represent a tool capable of aligning the SSR1 cavity along five DOFs. The support posts used for assembling the cavity string (shown in figure 2 ) can slide along one direction and thus the sixth and last DOF can be easily obtained without turning any of the alignment screws. Then the support posts can be rigidly interconnected at the required distance. When the cavity string is moved to the cryomodule -1 -
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support posts, which are bolted on the strongback, the movement along this last DOF cannot be obtained. At this stage only minor adjustments of cavity positions are expected and undesired movements of the cavities along the sixth DOF will be absorbed by the bellows figure 1 shows the system of alignment screws in the cavity feet. These alignment screws touch the reference surfaces of the cavity support post and their contact takes place in a point by design. Figure 2 shows the surfaces I, II and III which are the references for the screw numbers 1, 2 and 3 respectively. Surface IV is the reference surface for the screw numbers 4, 5, 6 and 7. Beam pipe Figure 1 . Alignment screws location on a SSR1 cavity. An SSR1 cavity has two beam pipes with circular apertures through which the particle beam travels. Using the seven alignment screws to move the cavity and a live three-dimensional position feedback of one (or multiple) point(s) of interest on the cavity, the achievement of a desired location for such point(s) with a trial-and-error approach, is not guaranteed. Even if such desired location is achieved, the time required to complete such operation, will depend entirely on the operator. In this paper a mathematical model, that can be implemented to any third-party programming language, is presented. This model takes as input the spacial coordinates of three well defined points on the cavity and provides, as output, a step by step procedure in which the screws to be operated and their -2 -proofs JINST_008T_0518 rotation are given. This procedure can be used as guideline to systematically approach the desired cavity location. A validation of this model with a test on a SSR1 cavity is also presented.
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Model used
Assumptions
The model used is based on the assumption that the cavity and its alignment system can be schematized as a serial robot. As result, the mathematical models already developed for the serial manipulator can be used.
A serial robot can be defined as a chain of rigid links connected by joints. The chain connects a base (or ground) to an end-effector. The most used joints for serial robot applications are of two types: prismatic and revolute joints. A prismatic joint allows the linear movement between two links while a revolute joint allows the relative rotation around its axis. Figure 3 shows a scheme of the seven screws (1 to 7) and of the reference surfaces (I to IV). In order to build the serial robot chain, that represents the cavity and its alignment system, the following assumptions are made:
A. The cavity rotates around an axis parallel and with the same direction of Z b and passing through the point of contact between screw 3 and reference surface III. The angle of this rotation is called ϑ 1 . To rotate the cavity of a positive angle ϑ 1 screws 1 is screwed and screw 2 is unscrewed by the same angle simultaneously (for negative angles screws 1 is unscrewed and screw 2 is screwed).
B. The cavity translates in the direction of the axis of rotation of screw 3. The distance along this direction is called d 2 .
To translate the cavity of a positive displacement d 2 , screws 1 and 2 are screwed and screw 3 is unscrewed by the same angle simultaneously (for negative displacements screws 1 and 2 are unscrewed and screw 3 is screwed).
C. The cavity translates normal to reference surface IV. The distance along this direction is called d 3 . To translate the cavity of a positive displacement d 3 , screws 4, 5, 6 and 7 are screwed a by the same angle simultaneously (for negative displacements screws 4, 5, 6 and 7 are unscrewed).
D. The cavity rotates around an axis parallel to Y b passing through the line between the center of screw number 4 and screw number 7. The angle of this rotation is called ϑ 4 . To rotate the cavity of a positive angle ϑ 4 screws 5 and 6 are screwed by the same angle simultaneously (for negative angles screws 5 and 6 are unscrewed).
E. The cavity rotates around an axis parallel to X b passing through the line between the center of screw number 4 and screw number 5. The angle of this rotation is called ϑ 5 . To rotate the cavity of a positive angle ϑ 5 screws 6 and 7 are screwed by the same angle simultaneously (for negative angles screws 6 and 7 are unscrewed).
The positive directions for ϑ 1 , d 2 , d 3 , ϑ 4 and ϑ 5 are given in figure 3.
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In the present work, it is assumed that screws 4, 5, 6 and 7 are protruding from the cavity feet by the same distance. In addition, it is also considered that screws 1 and 2 protrude of the same distance.
Inputs
The center of the lifting lug threaded holes are always available to be measured at any point of the string assembly process. Using the Coordinate Measuring Machine (CMM) data, that is already available for each of the SSR1 cavity, is possible to calculate the coordinates of the beam pipes centers knowing the 3D coordinates of the threaded holes on the lifting lugs.
To fully characterize the movement of a solid body along all six DOFs three points are necessary, thus three of the four lifting lugs are measured ( figure 4 shows the position of the Lifting Lugs 1 (LL1), LL2 and LL3 to be measured) and the coordinates of the center of their threaded holes are used as an input for the presented model.
A user defined reference Cartesian coordinate system (S b ) can be defined with the origin in the center of the threaded hole of LL1, the x axis (X b ) goes from this point to the center of the threaded hole of LL2 and the y (Y b ) axis to the center of the threaded hole of LL3. It has to be noted that the coordinates corresponding to LL1, LL2 and LL3 does not form a rectangular triangle because they represent real points and thus they are affected by unavoidable machining errors. Nevertheless these points have tight fabrication tolerances and their mismatch with respect to the ideal nominal position is small enough to be used to form a coordinate system (S b ) even if its axis are not perfectly orthogonal (i.e. the cosine of the angle between X b and Y b is less then 0.002).
Other inputs required for the model are the cavity dimensions available from the CMM data, the protruding distance of screws 4, 5, 6 and 7 from the cavity feet to the reference surface IV and the protruding distance of screw 3 from the cavity foot to the reference surface III. 
The serial robot
If the alignment screws are rotated following the rules B to F and considering the geometrical center of the cavity, defined as the middle points between the centers of the beam pipes, as the end-effector, the system can be modeled as a serial robot with five links and five joints (three revolute joints and two prismatic joints). A scheme showing the robot is represented in figure 5:
• The link L 0 represents the fixed ground.
• The joint J 1 is a revolute joint rotating around z 0 . The rotation angle is ϑ 1 . To actuate this joint, guideline A of section 2.1 shall be followed.
• The link L 1 is virtual and its length is zero.
• The joint J 2 is a prismatic joint moving along z 1 . The displacement is d 2 . To actuate this joint, guideline B of section 2.1 shall be followed.
• The link L 2 represents the distance between the reference surface III and the line through the centers of screws 4 and 7.
• The joint J 3 is a prismatic joint moving along z 2 . The displacement is d 3 . To actuate this joint, guideline C of section 2.1 shall be followed.
• The link L 3 represents the distance between the axis of the screw 3 and the reference surface IV.
• The joint J 4 is a revolute joint rotating around z 3 . The rotation angle is ϑ 4 . To actuate this joint, guideline D of section 2.1 shall be followed.
• The link L 4 represents the distance between the axis of the alignment screw 3 and the line through the centers of screws 6 and 5.
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• The joint J 5 is a revolute joint rotating around z 4 . The rotation angle is ϑ 5 . To actuate this joint guideline E of section 2.1 shall be followed.
• The link L 5 represents half the distance between screws 4-5 and 6-7. 
and O 5 respectively. O e represents the geometrical center of the cavity and it is considered as the endeffector of the robot. S e is the end-effector coordinate system and P 1 and P 2 are the centers of the beam pipes.
Algorithm
The algorithm presented in this section can be implemented on any third party programming language software. In this paper, Matlab1 is used to carry out the calculations.
The mathematical methods presented in this section are commonly utilized to solve the direct and inverse kinematic of serial robots [2] . Table 1 shows the Denavith-Hartenberg parameters [3, 4] for the serial robot represented in figure 5 . The joint variables are highlighted in red for each link. The quantities l i in table 1 for the links L 2 , L 3 , L 4 and L 5 represent:
• l 2 is the distance between S 1 and S 2 origins along z 1 in the initial configuration.2
• l 3 is the distance between S 1 and S 3 origins along z 0 in the initial configuration.2
• l 4 is half of distance between the screws 4 and 7 (or 5 and 6) along y b .
• l 5 is half of distance between the screws 7 and 6 (or 4 and 5) along x b .
1MATLAB version 9.1.0.441655 (R2016b). 2l 2 and l 3 need to be measured before operating the alignment screws.
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The general Denavith-Hartenberg matrix [3] describing the transformation between two consecutive reference coordinate systems i − 1 and i is written in eq. 2.1, where c denotes a cosine and s a sine.
Thus, the homogeneous transformation matrix between the link L 0 and the link L 5 is written in eq. 2.2:
From the measured spacial coordinates of the three lifting lug threaded holes, it is possible to calculate, using the CMM data, the position of O e . The unit vectors that define S e are built from a basis of unit vectors of the plane through the lifting lug thread holes and a unit vector normal to this basis. Thus, the unit vectors belonging to the basis, go from LL1 to LL2 and from LL1 to LL3.
Defining S e using the lifting lugs instead of the beam pipes is a simplification allowed by the fact that the lifting lugs and their threaded holes are machined using the beam pipe centers (P 1 and P 2 in figure 5 ) as reference.
The transformation matrix T b,e (ϑ 1 , d 2 , d 3 , ϑ 4 , ϑ 5 ), describing the desired pose of the endeffector, (orientation and location in the space) is written in eq. 2.3:
where T b,0 is the transformation matrix from S b to S 0 and T 5,e is the transformation matrix from S 5 to S e . The joint variables ϑ 1 , d 2 , d 3 , ϑ 4 and ϑ 5 that bring the cavity into a desired pose can be supposedly found solving the system of twelve non-linear equations (eq. 2.4) , of which only six are independent:
Eq. 2.4 can be also written as:
Where in eq. 2.5:
• T represents an assigned pose for S e .
• R is a rotation matrix and it represents the desired orientation.
• d is a position vector and it represents the desired location.
Since the alignment screws cannot move the cavity along y b , the second equation in d b,e (q) = d (where q represents the variables: ϑ 1 , d 2 , d 3 , ϑ 4 and ϑ 5 ) is neglected. Thus the system of eleven non-linear equations, of which only five are independent, can be solved for q.
Outputs
Once a solution to eq. 2.5 is found, the turns to apply to each of the seven screws can be computed from simple trigonometrical equations that depends only on geometric distances. It is possible to obtain from simple calculations, the turns to apply to each screw for each of the five steps corresponding to the guidelines A to E of section 2.1. This represent the output of the code.
Validation of the model used
The proposed alignment model is validated performing a set of measurements with a laser tracker. The laser tracker employed is the LEICA AT960. It is capable of measuring the absolute position of a point in the Cartesian space with a precision of ±15 µm + 6 µm/m (during the measurements, the cavity was placed at about 3 meters from the laser tracker). The measured target points are the three central points of the lifting lug (LL1 to LL3) threaded holes into which the Leica reflectors are installed, as described in section 2.2. The test is conducted on one of the SSR1 cavity that will be part of the string assembly. The cavity is installed on its support plate, which is placed on a granite measuring table (figure 6).
In the initial configuration the protrusion distance of the screws 3 and 4,5,6,7 is measured by means of plug go gauges and the reference system S b is defined according to section 2.2. This coordinate system S b is saved by the Leica software and thus, it becomes an absolute coordinate system. The experimental tests consist of moving the SSR1 cavity by turning the alignment screws of a certain amount. The screws are turned by using standard wrenches and in order to check that the right amount of rotation was applied, marks are placed on each screw head and on the cavity. To simplify, in each test the alignment screws are turned of one complete revolution (screws 1, 2 and 3 have a pitch of 1.06 mm and screws 4, 5, 6 and 7 have a pitch of 1.27 mm) so that the mark on the screw is aligned with the one on the cavity surface at the end of the complete revolution. A total of five tests are performed. In each test only a certain subset of the alignment screws are rotated and the tests are carried out sequentially (i.e. test number 2 starting point is the test number 1 end point):
1. Screws 1 is unscrewed and screw 2 is screwed.
2. Screws 1 and 2 are screwed and screw 3 is unscrewed.
3. Screws 4,5,6 and 7 are screwed.
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5. Screws 6 and 7 are screwed. Table 2 reports the 3D coordinates of the measured points at the end of each test. To verify the goodness of the proposed method, for each test, the coordinates of the points LL1, LL2 and LL3 listed in 2 are used as an input. The outputs are listed in tables 3, 4, 5, 6 and 7, where the positive sign indicate a screwing and a negative sign indicate an unscrewing. It is possible to notice, according to the set of operations 1 to 5 described above that:
• The code provides a correct sign.
• The code provide an output only for the screws to be operated at each step. The symbol "/" in the tables 3, 4, 5, 6 and 7 means that no information is provided by the code about the rotation of these screws.
• The ideal output (apart from the sign) would be a 1 for each cell in the tables 3, 4, 5, 6 and 7. For this reason, the outputs have been considered accurate enough and the code can be used during the cavity string alignment.
Conclusions
This paper has presented a new approach for the alignment of an SRF cavity that use the mathematical models already developed for the serial robots. The model has been implemented into a programming language (Matlab) which is capable of providing a step-by-step procedure to align the cavity along the five possible DOFs. The final test on a real cavity validated the proposed model showing a good agreement between the software outputs and the measured data. The error on the -9 -proofs JINST_008T_0518 
